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Volume Reconstruction of Cone-Beam Geometry
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Abstract: The purpose of this manuscript is to provide a tutorial overview on the subject of cone-beam geometry devices
imaging. Toward this end, we have tried to strike a balance among purely algorithmic issues, topics (tomosynthesis
imaging etc.) dealing with how to generate data for reconstruction in different domains, and artifacts inherent to different

data collection strategies.

This manuscript is structured to cover the basics of reconstruction from x-ray modern cone-beam geometry. Some results
from simulations and real measurements are presented in order to give an explanation of the various pitfalls of the most
used reconstruction techniques. However, the main focus of the paper is concerned with detailed derivations of
reconstruction algorithms in modern cone-beam CT (CBCT) and digital tomosynthesis systems. A thorough analysis of
artifacts and a discussion of practical issues, such as dose considerations, provide further insight into modern cone-beam
geometry systems. We hope that the optimal volumetric reconstruction system which it can cone-beam geometry in high

quality and a low radiation exposure dose in the near future.
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1. INTRODUCTION

For cone-beam computed tomography (CT) scanning
systems, volume reconstruction algorithms have been
developed and applied in various studies in order to show
their potential for use in future applications. As is true for
standard medical CT systems with one-dimensional
detectors, because the basic system geometry is unchanged
for cone-beam CT scanners, two different scanning modes
are of particular interest: circular and helical modes. These
are of special interest for applications such as medical
imaging and nondestructive testing. The problem of cone-
beam reconstruction for helical source-detector trajectories is
a topic of ongoing discussion [1-9, 37, 38]. The method
developed by Feldkamp ef al. [10] seems to be the most used
technique for circular trajectories.

Apart from its easy implementation, it is exact for
scanning objects in the central plane containing the circular
source trajectory and those that are homogeneous in the
direction parallel to the rotation axis. Since the method was
reported, it has been used most widely for three-dimensional
(3D) cone-beam reconstruction. The inexactness of the
Feldkamp algorithm is a consequence of the missing data
problem. The 3D Radon transform cannot be determined
completely when projection data are acquired along a
circular source-detector trajectory [11, 12]. Nevertheless,
circular trajectories may be used in future cone-beam CT
systems because artifacts are produced in Radon space due to
missing small cone angles.
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In the biomedical field, the most popular method for
cone-beam image reconstruction is the 3D filtered back-
projection (FBP), which uses a circular scanning locus and
reconstructs images well in case of a small cone angle [10].
However, the Feldkamp algorithm produces significant
image artifacts, such as decrease of intensity from the mid-
plane, in case of a moderate to large cone angle.
Consequently, several variants of the Feldkamp algorithm
were developed for practical applications that involve larger
cone angles [13-20].

Interest in tomosynthesis and its clinical applications has
been revived by recent advances in digital X-ray detector
technology. Conventional tomography technology provides
planar information of an object from its projection images. In
tomography, an X-ray tube and an X-ray film receptor are
positioned on either side of the object. The relative motion of
the tube and film is predetermined based on the location of
the in-focus plane [21]. A single image plane is generated by
a scan, and multislice CT scans are required to provide a
sufficient number of planes to cover the selected structure in
the object. Tomosynthesis acquires only one set of discrete
X-ray projections that can be used to reconstruct any plane
of the object retrospectively [22]. The technique has been
investigated in angiography and imaging of the chest, hand
joints, lungs, teeth, and breasts [23-28]. A review of
tomosynthesis has been given by Dobbins et al. [29].
Tomosynthesis was shown to outperform planar imaging to a
statistically ~ significant extent. = Various types of
tomosynthesis reconstruction methods have been explored.

2. CURRENT STATUS AND PROBLEM

CT (including cone-beam CT) provides images of bony
components have the higher signal in CT images. However,
this can be sufficient for the final diagnosis in a number of
pathological conditions. Pathological changes, such as
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formation of osteophytes, erosion, fractures, ankylosis, and
developmental abnormalities, as well as the position of the
condyle in the fossa, can be detected on CT images. The
main disadvantage of CT examination (especially in cases in
which multislice CT is used) remains the requirement of
high radiation doses.

Since the discovery of X-rays in 1895 and their
application to dentistry, radiographic imaging of oral
anatomy has consisted primarily of viewing 3D structures
projected onto a two-dimensional (2D) plane. This form of
imaging, known as radiography, is characterized by a point
source of radiation producing a beam that passes through the
patient and strikes a relatively flat image receptor (usually a
film). This essentially produces an attenuation map of the
structures through which the beam has been transmitted.
While the dental profession has relied on this method for
obtaining information about the hard tissues of the oral
cavity, it inevitably superimposes anatomy and metallic
restorations, which confounds the problem of identifying
and/or localizing diseases or objects in three dimensions.

Recently, medical CT began a transition from fan-beam
to cone-beam geometry with the introduction of multislice
CT systems [6-8]. These systems allow scanning of regions
requiring a broad scanning range, such as the chest and
abdomen, because they use a multislice CT employing a
large number of channels (i.e., 128 and 256 rows etc). Use of
a wide-range cone-beam CT with a wide angle results in
reconstructions with low image quality accompanied by
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cone-beam artifacts in the reconstruction planes away from
the mid-plane in the longitudinal direction. A cone-beam CT
with a wide angle, which reduces cone-beam artifacts and
generates high-quality reconstruction images with a wide
exposure range, would thus be clinically very useful.

Therefore, this method has been adopted for image
reconstruction of 3D tomography and multidetector cone-
beam CT. A number of improved 3D reconstruction methods
have been derived from the Feldkamp method. However,
increases in artifacts are generally separated from the central
plane to the far direction. Here, we focus on the potential
application of digital tomosynthesis (linear motion) using an
amorphous selenium flat-panel detector in which a modified
3D FBP reconstruction algorithm is used for improving the
performance in imaging the temporomandibular joint and
chest phantom.

3. THREE-DIMENSIONAL
ALGORITHM

3.1. Cone-Beam CT System
3.1.1. Feldkamp Algorithm

RECONSTRUCTION

By analogy to 2D FBP, the cone-beam data were
acquired along a circular source-detector trajectory (Fig. 1).
Figure 2 shows the simulation results obtained by the 2D and
3D FBP methods for an object having 3D information (the
Shepp-Logan 3D phantom was used). The 2D FBP method
was not reproducible and it was difficult to regard a
geometric variation of an image, but the 3D FBP method
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Fig. (1). Schematic view of the projection geometry for a rectangular detector plane the corresponding extended source. The geometric
relations necessary for the calculation of the projection angle weighted theory can be derived.
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Fig. (2). Comparison of 3D-FBP algorithm reconstruction images with images obtained from 3D-FBP reconstruction, 2-D FBP

reconstruction of the different slice plane.

could reproduce the 3D information from the phantom. From
these results, it appears necessary to use the 3D FBP method
in reconstruction using cone-beam CT.

For a given 2D detector, the cone beam produced by the
source illuminating a focus-detector can be described as

R
follows. Let R be the vector from the center of the detector

5
of the scanning system to the source and D the vector from
the center of rotation to the center of the detector. For a
scanning system moving along a circular trajectory, the
positions of the source and detector result in

cos o —Ccos
R=R| sinc D=| —sino (1)
0 0

The set of 2D projection data p’(a,f8,7) on a focus-
detector measured along a circular focus-detector trajectory
is parameterized by the angular focus position on the circular
trajectory o € [0,27], the fan angle B e [~B,...+ Bou >

and the cone angle 7y e[—ymax,+ymax]. To obtain the

projection data in a rectangular detector plane for use in 3D
cone-beam  reconstruction, resampling to Cartesian
coordinates in the column direction is applied. The
projection data on the resulting rectangular detector are

parameterized in the following by p“(o,d™,d*), with
(cosa,sino,0) being the vector normal to the rectangular
plane. d® and d*are the two Cartesian coordinates within
the new rectangular detector plane, where d*(d™) marks the

direction in the detector plane orthogonal to the plane of
rotation:

p’ (e B.y)— p" (e.d®.d°) )

The two Cartesian coordinates have a range of
d” e|-d2 . +d) | and d° e[-d,.+d; The

max max max max :' °

maximum values are calculated as follows:

2, = Rtan(B,,,) 3)
and
di, = Rtan(y,,). (4)

This rectangular plane is the largest that fits completely
into the convex area. The data contained in the outer area do
not need to be measured in the original focus-detector plane
if the proposed method is used. Therefore, the use of a
suitable collimator reduces the dose applied to the patient or
object.

Consequently, a simplified 3D FBP method can be
applied to the rebinned data lacking the distance weighting

R 2
factor (—) , which is well known from the Feldkamp
r

algorithm approach. While R is the length of the vector R
from the source to the center of the detector of rotation, r
describes the length of the vector from the source to a voxel

under consideration projected onto R within the original
method. Thus, the resulting Feldkamp algorithm has reduced
computational complexity and can be expressed in the
following manner:

(Step 1) 8 = pf (a?ﬁvy)w(ﬂ’y) (5)
(Step2) g, =g, (. B.7)*h(p) (6)
(Step 3) f(})j:ﬁjj"@) g (e B.y) dat ()

where equation (5) and (6) is pre processing, equation (7) is
the reconstruction image from the 2D projection data. The
pre-weighting factor a)( ﬁ,y) is geometrically interpreted as
the angle between the ray and the central ray of the
projection. The one-dimensional ramp filter /(f3) is applied
along the lines to the plane-of-rotation in the detector plane
(d™ direction).
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3.1.2. Evaluation Study

We performed computer simulation using a 3D Shepp-
Logan phantom and a 3D disk phantom to evaluate the
Feldkamp algorithm. The source-to-origin distance was set
to 4.0. The number of detectors per cone-beam projection
was 256 x 256 (rectangular plane). The size of the 2D
detector plane was 2.0 x 2.0. (Full cone angle at 28.01
degree, fan angle at 28.01 degree). The number of
projections was 360. The numbers of radial and angular
samples were 256 and 360, respectively. Each reconstructed
image volume had dimensions of 2.0 x 2.0 x 2.0 and
contained 256 X 256 X 256 voxels.

In the numerical simulation, the traditional Feldkamp
algorithm reconstruction suffered from significant decrease
of intensity from the mid-plane, which is a well-known
drawback (Figs. 3-5).

The resolution properties of the cone-beam CT system
(DynaCT, Siemens AG Co., Germany) were evaluated by
measuring the modulation transfer function (MTF). To
obtain the inherent resolution property in the cone-beam CT
system, the MTF was obtained by 2D Fourier transformation
of the images. In the reconstruction of cone-beam CT images
(512 x 512 matrix, 0.1 mm/pixel), MTF was obtained by fast
Fourier transformation of the line spread function.
Representative MTF results are presented in Fig. (6). From
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this figure, it can be seen that the traditional Feldkamp
algorithm reconstruction suffered from significant reduction
of the MTF value away from the mid-plane, which is a well-
known drawback of the Feldkamp algorithm. On the other
hand, the Feldkamp algorithm reconstructs better near the
central plane than away from the central plane.

The cone-beam artifact has a large cone angle and
becomes greater at greater distances in the longitudinal
direction (Fig. 7). In addition, it was confirmed that when
there are large amounts of artifacts, the trajectory of the
projected data is larger. Figure 8 represents the use of the
Feldkamp algorithm on human full-scan data at different
cone angles obtained using cone-beam CT. The Feldkamp
algorithm was found to be effective because the cone-beam
artifacts were reduced under basal conditions when the cone
angle was large.

The effect of scatter from a 3D object which is incident
on two dimensions of a detector with a large field cannot be
ignored. We confirmed that a capping phenomenon that
decreases the pixel value of a rearranged image results when
the scatter of the content increases in the center of the
subject. We used a bow-tie filter [30,31] to correct this
capping and could suppress the capping for intensity
distribution so that direct X-ray intensity after subject
transmission becomes same (Fig. 9). When a pixel value of a
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Fig. (3). Intensity profiles (The central vertical line in the selected slice of the 3D Shepp-Logan phantom). Ideal and reconstructed slices of
the 3D Shepp-Logan phantom at z=-0.25 with Feldkamp reconstruction method.
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Fig. (5). Intensity profiles (The off-central vertical line in the selected slice of the 3D Disk phantom (corresponding profiles). Ideal and
reconstructed slices of the 3D Disk phantom at y = 0.0 with Feldkamp algorithm image, respectively.

rearrangement image does not use a bow-tie filter, there is a confirm what is improved when bow-tie filter is used (Fig.
tendency to decrease large in image edge regions, but can 10).
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Fig. (6). A comparison of resolution in the mid-plane vs. off-center plane for the cone-beam CT system (in various positions in the scanner
field of view (FOV), for two different numbers of angular projections). The shape of the phantom was used microspheres object (Pb ,
0.3mme). The MTF calculated line spread function (LSF) by analyzing fast Fourier transform (FFT).
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Fig. (7). Comparison of 3D-FBP algorithm (Feldkamp algorithm) reconstruction images with images obtained from con-angle at 28.01
degree, cone-angle at 36.87 degree of the different microsphere phantom position. The cone-beam artifact of a reconstruction image tends to
become large cone-angle and away from the mid-plane.
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Fig. (8). Real and different reconstruction slices of the human head origin (a 60-year-old man, night nasal tumor) at trans-axial direction with
Feldkamp reconstruction algorithm. (a) and (b): cone-angle at 28 degree. (¢) and (d): cone-angle at 37 degree.

Bow-TieFilter
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object

detector

Bow-Tie Filter (=)

Fig. (9). Real and slices of the human pelvis (prostate) at axial direction with bow-tie filtering and non bow-tie filtering processing,
respectively.
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Fig. (10). Intensity profiles (The central horizontal line in the selected slice of the human pelvic image).

3.2. Tomosynthesis System
3.2.1. Reconstruction Algorithm

A modified FBP algorithm has been reported that
provides a description of filtering that can be used in
combination with backprojection to yield tomosynthesis slice
images with desired properties [32,36]. The following
description of the generalized 3D impulse function is
adapted from a previous study [33]. The 3D version of the
Fourier slice theorem states that when a 2D image of an
object is acquired at some particular orientation to that
object, the 2D Fourier transform of that projection image
yields a plane through the 3D Fourier space of the object.
Characteristics are estimated in modified FBP by low-pass
filter processing. The Fourier space low-pass filtering unit
applies a low-pass filter in the direction along the sectional
axis of Fourier space data that have undergone a 3D Fourier
transform (Fig. 11). This process is effective in reducing
artifacts in the 3D volume data generated by a 3D back
Fourier transform of the Fourier space data after low-pass
filtering. The 3D Fourier transform of the 3D volume data
generated by backprojection is based on the following
equation (8):

F,0,0)=[[] fey.0-ep{-j@, x+0, y+o, 2}d-dy-d (8)

where f(x,y,z) is the simple backprojection intermediate

image, and x, y, and z are real numbers. The meaning of the
filtering process performed in 3D Fourier space is described

below, and is mathematically expressed by the following
equation (9):

Mo, 0,0)=F0, 0,0) M0, 0,0,) 9)

where FM (0,0,0,) is the filtered 3D Fourier distribution
image, and M(w,,o,,®_) is a function representing filter

characteristics. The filtering process done in 3D Fourier
space is to weight the 3D Fourier distribution image of
complex data, with the real-valued filter function M
dependent on the respective frequency values. The weighting
function M is compressed in the @, -direction.

M(w,,0,,0.) is expressed by the following equation (10)

as a product of three functions representing the filter
characteristic:

Mo, 0,0)=H,, (o) H, (0) H,,, (OR) (10)

prof spec

A typical example of each filter function system shown
in equation (10) is described next. H, .(®_) has a low-pass

filter characteristic, i.e., a Gaussian characteristic, which is
expressed by the following equation (11):

o T
H,, ()= exp(—0.693|:%} ] (11)

where CFD is the frequency with the Gaussian attenuation
halved.
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Fig. (11). Illustration of the effective area and defect area in tomosynthesis. The Fourier space data having undergone three-dimensional
Fourier transform have missing cones centred on the wz-axis, with the vertices, meeting at the origin of the Fourier space coordinates. Thus,
Fourier space low-pass filtering is characterized by applying a low-pass filter in the direction of the sectional axis to lessen the influence of

the missing cone data.

H,,.(o,) has a filter characteristic which is expressed by

the following equation (12):

CFR-WFR
HW (w)=1 [caxe o < f) ( 1 2)
1-sin(@ - CFR)-m/WFR CFR-WFR CFR+WFR
H (0)=——t—F"——— case <o < .
spec @, ) 2 ’ 2
H (0)=0

P

[ CFR+WFR ]
case f < (H’

However, ®, =,/0,’+®’+®° . The function has a

sine wave form with high-frequency components smoothly
attenuated. CFR is the cut-off frequency, and WFR is the
total transition frequency width of the filter strength.

CFR+WFR . . CFR—-WFR .
—— is the Nyquist frequency and — 18

the no processing region frequency. This H_  (w, ) removes

spec
high frequency components from the origin of the 3D
Fourier space. H,,,  (®WR) has the filter characteristic which

inverse

is expressed by the following equation (13):

’ 2 2
Hinverse (wk’) = |wR| s wk’ = wx + wy

(13)

The 3D back Fourier transforms the Fourier space data
back to 3D volume data, having undergone Fourier space
low-pass filtering. The 3D back Fourier transform is
expressed by the following equation (14):

fin(x,y,2) = %ﬁmFM(wx,wv,wr)-exp{j(wx X+0, y+0,. z)}da)Ada)}dwf (14)

Equation (14) is the transformation from the frequency
domain to the space domain. It is the inverse of the
relationship described by equation (8).

3.2.2. Evaluation Study

The plane locations were center plane (0 mm) and off-
center plane from the object location. The off-center plane is
located 70 mm from the center plane. The image
reconstructed at the center plane shows that the object is
faithfully reconstructed on the focal plane. In the numerical
simulation, the 3D Shepp-Logan phantom was used for
evaluation by comparing the modified FBP algorithm with
the Feldkamp-type algorithm. Representative results of
reconstruction are presented in Fig. (12). The traditional
Feldkamp-type reconstruction suffered from significant
decrease of intensity from the mid-plane (Fig. 12 on “off-
center”), which is a well-known drawback of the Feldkamp-
type algorithm. On the other hand, our modified FBP
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Fig. (12). Reconstruction simulation images of the three-dimensional Shepp-Logan phantom at different heights. In addition, comparison of
axial profile plots through the reconstructed 3D image function in comparison with discretization of the 3D Shepp-Logan phantom. A data
set with 90 projection images and a tomographic angle of 40°was obtained.

algorithm improved the image quality remarkably, and
yielded better image quality (both center and off-center
plane) than the Feldkamp-type algorithm.

On the digital linear tomosynthesis images, the
temporomandibular  joint was present outside the
reconstruction plane and was blurred, as shown in Fig. (13).
Panoramic radiography did not demonstrate an intracapsular
fracture. Using panoramic radiography, it is not difficult to
detect inflammatory conditions (Fig. 13a). Conventional
tomography largely eliminates the problem of superposition
of anatomical structures encountered in plain films and
panoramic radiographs, allowing all mineralized aspects of
the joint to be evaluated. Inflammatory evaluation is better
than conventional radiography. A major disadvantage of
conventional tomography is the lack of visualization of the
soft tissues of the joint, which is a problem in evaluating disk
position (Fig. 13b, ¢). The use of digital linear tomosynthesis
improved the visualization of the underlying tissue detail by
deblurring the overlying structures. This allowed better
visualization of the tissue detail directly below the
temporomandibular joint structures (Fig. 13d).

The results of the real study were compared with those
using the radiograhy image (direct flat panel detector (FPD),
amorphus selenuim type) and tomosyntheis image. The
tomosyntheis image is superior to the conventional
radiography image in the detection of simulated pulmonary
nodules (Fig. 14).

4. FUTURE DIRECTIONS

In the reconstruction of cone-beam CT, when a wide
imaging range is required, FBP processing that takes account
of the cone angle is needed. This reproduces subject
information as faithfully as possible, and ideally, 3D FBP
processing should be used in such a manner as to prevent
deterioration of image artifacts. One of the image quality
improvement problems of cone-beam CT is to develop a
reconstruction method to reduce the cone-beam artifact.
Another problem in image quality improvement is the effect
of x-ray scatter. In the trial that used bow-tie filter, image
processing disappeared. According to the manufacturer,
owing to the use of the cone-shaped X-ray beam and the
“smart beam technology,” the absorbed dose from a cone-
beam CT scan is approximately equivalent to two to five
panoramic exposures; however, this claim needs further
investigation.

Clinical reports have indicated the usefulness of cone-
beam CT in an angiography system and image-guided
radiation therapy in a current medical service system [34,
35]. However, cone-beam artifact and scatter measures are
problems affecting the image quality of the reconstruction
image. Many researchers suggest that computer simulation
methods may improve control over the cone-beam artifact.
Other reports indicate that it can reduce scatter X-ray
measure by bow-tie filtering and image processing.
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Fig. (13). Case report: 56-year-old woman; inflammatory disorder of the right temporomandibular joint. (a): Panoramic radiograph (closed
and open mouth) showing the mandibular condyle. (b): Conventional tomography showing the right mandibular condyle. (¢): Conventional
tomography showing the left mandibular condyle. (d): X-ray digital linear tomosynthesis images (different level positions) showing the
mandibular condyle. A data set with 90 projection images and a tomographic angle of 40°was obtained.

RadiographyIinage

TomosynthesisIinage

Fig. (14). Real and reconstructed slices of the chest phantom at coronal direction with radiography image and tomosynthesis image. A data
set with 90 projection images and a tomographic angle of 40°was obtained. (simulated pulmonary nodule; Hounsfiled Unit at -600, 7mme,

grand glass opacity type).

The digital linear tomosynthesis system used here shows
adequate overall performance, but it is obvious that its
effectiveness is strongly dependent on scanning parameters
(tomographic angle, number of views, and section
thickness). Digital linear tomosynthesis imaging provides a
general overview of the temporomandibular joint and chest
pahntom, which is sometimes valuable in cases with severe
morphological abnormalities. Therefore, this method may be
considered as the imaging technique of choice for the

investigation of bony changes and soft tissue (such as
pulmonary nodules).

5. CONCLUSIONS

This paper provides a tutorial overview on volumetric
reconstruction of cone-beam CT and digital tomosynthesis. It
mainly focuses on introducing a Feldkamp algorithm and a
digital linear tomosynthesis algorithm (modified FBP). Some
results from simulations and real measurements are
presented in order to give an explanation of the various
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pitfalls of the most used reconstruction techniques. We
expect that in future it will be possible to detect diseases at
an early stage using cone-beam geometry devices that
provide high image quality with low exposure dose.
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